CNOT gate by adiabatic passage with an optical cavity 
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We propose a scheme for the construction of a CNOT gate by adiabatic passage in an optical 
cavity. In opposition to a previously proposed method, the technique is not based on fractional 
adiabatic passage, which requires the control of the ratio of two pulse amplitudes. Moreover, the 
technique constitutes a decoherence-free method in the sense that spontaneous emission and cavity 
damping are avoided since the dynamics follows dark states. 
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I. INTRODUCTION 

The controlled-not (CNOT) gate acts on systems com- 
posed of two qubits. The first qubit controls the not oper- 
ation on the second (target) qubit : if the control qubit is 
in state |0), the target keeps its state whereas if the con- 
trol is in state 1 1) , the state of the target is switched. The 
set composed of the CNOT gate and of elementary one- 
qubit gates forms a universal set, i.e. all logical gates can 
be constructed by the composition of gates in this set pj . 
The CNOT gate allows to prepare entangled states from 
factorizable superposition states. Entanglement is a key 
ingredient of quantum computation Q , quantum telepor- 
tation or secure quantum cryptography Q and thus 
confers to the CNOT gate a broad practical interest. 
The efficient treatment of quantum information requires 
qubits insensitive to decoherence, easily prepared and 
measured. Furthermore, the gates operating on the 
qubits have to be robust with respect to variations or 
partial knowledge of experimental parameters. These re- 
quirements can be satisfied if the quantum information 
is represented by atomic states controlled by adiabatic 
fields. Indeed, the decoherence due to spontaneous emis- 
sion can be avoided if the dynamics follows dark states, 
i.e. states without components on lossy excited states. In 
this context, a mechanism has been proposed in Ref. 5] 
to implement by adiabatic passage all one-qubit gates, 
i.e. a general unitary matrix U in SU(2). A tripod-type 
system |(| is used and as in fractional stimulated Raman 
adiabatic passage (f-STIRAP) 0, the amplitudes of two 
pulses are required to have a constant ratio. The real- 
isation of this technique requires a specific system (for 
instance a system of Zeeman states) to be robust Q ■ In 
a scheme, first introduced in ref. composed of atoms 
fixed inside a single-mode optical cavity, a mechanism 
has been proposed Q for the creation of a two-qubit 
controllcd-phase (C-phase) gate by stimulated Raman 
adiabatic passage (STIRAP) processes and a two- 

qubit controlled-unitary (C-U) gate requiring f-STIRAP 
processes. Additionally, it was suggested in ref. to 
work with five-level systems composed of three ground 
states (two of them are the qubit states, the other one an 



ancillary state) and of two excited states never populated 
in the adiabatic limit. The proposal was to use the two 
excited states to realise the Raman transitions involved 
respectively in the construction of one-qubit gates and 
the C-phase gate. This gives a technique for the prepara- 
tion of the universal set {U, C-phase} [l2j and all logical 
quantum gates can thus be obtained from the compo- 
sition of these two gates. The construction of a CNOT 
gate from the universal set {U, C-phase} or from the C-U 
gate requires the control of the ratio between two pulse 
amplitudes since f-STIRAP is used in both methods. A 
five-level system in which the transitions can be excited 
independently and the ratio of the pulsed fields can be 
controlled robustly has to be found. 
In this paper, we adapt to the preparation of the CNOT 
gate an alternative mechanism based on adiabatic pas- 
sage along dark states that was used to construct di- 
rectly the SWAP gate . The mechanism is only based 
on STIRAP processes. It can therefore be implemented 
robustly in a variety of systems, avoiding e.g. the re- 
quirement encountered in other schemes of using very 
specific Zeeman-sublevels. Moreover, it constitutes a 
decoherence-free method in the sense that in the adi- 
abatic limit, the excited atomic states and the cavity 
mode (in the limit of a cavity Rabi frequency much larger 
than the laser Rabi frequency) are negligibly populated 
during the dynamics. Furthermore, we also show that 
the proposed mechanism can be used to directly prepare 
some specific composed gates. The usual technique to 
construct a specific gate consists generally in combining 
elementary gates belonging to a universal set. Since in 
the experimental realisation of each gate there always are 
uncontrollable losses, it is usefull to design instead direct 
implementations of specific compositions of elementary 
gates. 

We present the atomic configuration associated to the 
qubits in Section^] In Section lTTTl we develop the mecha- 
nism and the analytical calculations of the instantaneous 
eigenstates adiabatically involved in the dynamics. In 
Section llVI we show the result of numerical simulations. 
Before concluding, we extend the mechanism allowing to 
build the CNOT gate to the direct generation of specific 
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composed gates. 

II. THE SYSTEM 
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FIG. 1: (a) Schematic representation of the five-level atom. 
The laser (cavity) couplings are represented by dashed (full) 
arrows, (b) Representation of the atomic register trapped in 
a single-mode optical cavity. The atoms are represented by 
circles, laser fields by arrows. 

Although the mechanism could be realised in a sys- 
tem composed of non-degenerate ground states, we use 
the five-level atomic system as presented in Fig. ^a), in 
which other gates have also been implemented 9J. The 
three ground states |0), \a) and |1) are coupled to the ex- 
cited state |e) respectively by two lasers (associated to the 
Rabi frequencies f2o and ^a), and by a single mode cavity 
(associated to the Rabi frequency g). Furthermore, \a) 
and |1) are coupled by two additional lasers (with Rabi 
frequencies f2 a ( s ti) and f^i( s ti) ) to the upper state \u). The 
polarizations and the frequencies are such that each field 
drives a unique transition. The atomic states |0) and |1) 
represent the computational states of the qubit. We con- 
sider that the atomic register is fixed in the single-mode 
optical cavity as represented in Fig. IHb). Each atom 
(labeled by k) of the register is driven by a set of four 



pulsed laser fields fig COi ^ a (*)> a(sti) ano - ^i(sti) ano - 
by the cavity mode g^ which is time independent. 

III. THE MECHANISM 
A. General strategy 

We first recall how the CNOT gate acts. Before the 
interaction with the lasers, the initial state \ipi) of the 
atoms in the cavity is defined as 

|^)=a|00)|0)+/3|01)|0)+7|10)|0) + <5|ll)|0), (1) 

where the labels si, S2 of the states of the form |siS2)|0) 
denote respectively the states of the first and second 
atom, and |0) is the initial vacuum state of the cavity- 
mode field, a, P, 7, 6 are complex coefficients. The 
CNOT gate exchanges the states |0) and |1) of the sec- 
ond target qubit when the first control qubit is in state 
|1) leading to the output state 

|^ o ) = a|00)|0)+/3|01)|0)+ 7 |ll)|0) + *|10)|0). (2) 

We use a simple interaction scheme to represent the pro- 
posed mechanism for the creation of a CNOT gate (see 
Fig. |2l • This mechanism is composed of six steps. Since 
the state |11) |0) is a stationary state (if there are no pho- 
tons in the cavity there cannot be any transition from |1) 
to |e)), we first transfer the population of the state |1) 
of the second atom into the ancillary state \a) by STI- 
RAP. The next four steps allow to swap the populations 
of the states |10)|0) and |la)|0). The last step transfers 
back the population of the ancillary state \a) of the sec- 
ond atom into the state The population transfers are 
realised by adiabatic passage along dark states (i.e. with 
no components in the atomic excited states and a negli- 
gible component in the excited cavity states). We thus 
obtain a decoherence-free method for the creation of the 
CNOT gate. In the next subsection, we give details of 
each step. 

B. Description of the steps 

The six steps summarized above are obtained as fol- 
lows: 

Step 1: The population of state |1) of the second atom 
is completely transferred into \a) by the use of two res- 

onant pulses fi^AjA, ^i(sti)' with relative phase tp = tt, 
switched on and off in a counterintuitive pulse sequence 
(i.e. O^L, before fi^ tl) .) After this STIRAP interac- 
tion jlfilllj. the initial state QJ becomes 

|^i)=a|Q0)|0)+ J 9|0o)|0)+7|10)|0) + *|lo)|0). (3) 

Step 2: The population of state |10)|0) is transferred into 

|al)|0) with the use of the sequence Q^ft^. This adia- 
batic transfer is a non-trivial coherent process described 
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FIG. 2: Schematic representation of the six steps of the cons- 
truction of the CNOT gate. For each step, the initial state 
is represented by an empty circle whereas the final state is 
symbolized by a full black circle. 



in [8j . It uses a five- level extended STIRAP with constant 
intermediate couplings. The state 10) reads 

|^)=a|00)|0)+j9|0o)|0)+7|ol)|0)+5|lo)|0). (4) 

Step 3: With a similar technique, the population of 
| la.) 1 0) is transferred into |01)|0) by the use of the coun- 
terintuitive sequence of the two pulses fip 1 ' , fl^ leading 
to the state 

|^ 3 )=a|Q0)|0>+j9|0o)|0)+7|ol)|0) + <y|01)|0). (5) 

Step 4: With a similar technique, the population of 
|al)|0) is transferred into | la) 1 0) by the use of the se- 
nt 2 ) n(i) • • 
quence ila , Ua giving 

|V>4> = a|00)|0)+/9|0a)|0)+7|lo)|0)+<y|01)|0). (6) 

Step 5: With a similar technique, the population of 
1 01) 1 0) is transferred into |10)|0) by the use of the se- 
quence fig 2 - 1 , Q,^ in such a way that the state © becomes 



|^ 5 > = a|00)|0) + (3\0a)\Q) + 7 |lo)|0) + «5|10)|0), (7) 

Step 6: The population of the state \a) of the second 
atom is transferred back by STIRAP into |1) by the use of 



(2.) i 

the sequence of pulses ^A-, ^^i) w ^ n re l at i ve phase 
ip = ir. As a result, the system is in state 

|V%)=a|00)|0)+/3|01)|0)+7|H)|0) + *|10)|0), (8) 

which coincides with the output state of the CNOT gate. 

C. Calculation of the instantaneous eigenstates 

We calculate the instantaneous eigenvectors connected 
with the initial condition and that are thus adiabatically 
followed by the dynamics when the two atoms interact 
with two laser fields and the cavity-mode. We show that 
they are dark states with no component in the atomic 
excited states and a negligible component in the excited 
cavity states. 

We give the details of steps (l)-(6) first and next (2)-(3)- 
(4)-(5). 

The steps ( 1) and (6) are the well known STIRAP pro- 
cess [HJ, El • The dynamics follows the dark state 
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(where <p is the relative phase of the pulses ^]/ t n and 

a(sti)) th a t transfers population from |1) (|a)) to |a) (|1)) 
with a counterintuitive pulse sequence. We choose the 
phase ip = 7r to avoid a minus sign on the states \a) 
and |1) of the second atom after the steps (1) and (6) 
respectively. 

Concerning the intermediate steps, since the lasers do 
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not couple the atomic state |1), the state |^>^) = 1 11) |0) 
(defining one dimensional Hilbcrt space TLi) of the initial 
condition is decoupled from the other ones. The other 
states of are connected to two orthogonal decoupled 
subspaces denoted Hj and Hie, respectively spanned by 
the states 



H 7 = {|01)|0),|10)|0),|la)|0)>0>|0), 
|le}|0),|el}|0),|ll)|l>}, 



(10) 



and 



Hie = {|00)|0), |0o)|0), |01)|1), |0e)|0), |a0)|0), 
|ao)|0),|ol)|l),|ac)|0),|le)|l),|e0)|0),|10)|l), 
|1«>|1>, jll>l2>, |e«>|0>, j e l>|l>, |ee>j0>}. (11) 

For each step, one ground state |0) or \a) of each atom 
is coupled by a laser field to the excited state, while the 
other one is not coupled to the excited state. To describe 
the calculation of the instantaneous eigenstates for the 
four steps, we introduce the following notation : the state 
coupled by a laser field is labeled \L&) (|0W) or |a«)) 
and the non-coupled state \N®) (|a«) or \0^)). The 
index i = 1, 2 labels the atom i. In the full Hilbert space 
U = H {1) <g> n {2) ® T with the Hilbert space asso- 
ciated to the atom i and T the Fock space, the Hamil- 
tonian (in units such that H = 1) reads in the rotating 
wave approximation 

H{t) = Lu c ^a + w e |e (1) )(e^ | + lu g \e^) (e< 2 > | 

'r»( 1 )(t) e -^ t |e«)(L«|+3 (1) a|e( 1 ))(l«|+/ l ., 



-uJt< e (2) 



(2) 



-g^a\e^ 



>(1 



(2) 



(12) 

where a (a') is the annihilation (creation) operator for 
the cavity mode, u> (lo c ) is the frequency of the laser field 
(cavity mode) and u e is the energy of the excited state 
(the energy reference is taken for the ground states: ujq = 
uj a = u>i = 0). We consider resonant fields: uj e = uj = lo c . 
f2^(i) and g( 1 ' are the Rabi frequencies associated to the 
laser pulse and to the cavity respectively for the atom i. 
(fiW(t) corresponds to ^^(f) or Q^'(t), depending on 
the ground state |0) or \a) of the atom i coupled by the 
laser.) The dynamics is determined by the Schrodinger 
equation ij^ip{i) = H(t)ijj(t). The Hamiltonian in the 
interaction picture 

mit) = T\t)H{t)T{t) *Tt(t)^(t) (13a) 



with 



T(t) = e -^K a1a +\ e(1) )( e(1, \+\ e(2, )( e(2) \) (13b) 



reads 



= n^(t)\e^)(L^\+g^a\e^)(l^\ 
+n^(t)\e^)(L^\+g^a\e^)(l^\ 
+h.c. 



The dynamics is therefore determined by 
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with 



i-<j>{t) = ffi(t)0(t) 



(15) 



(16) 



We remark that the transformation T does not change 
the initial state The Hamiltonian H\(t) is block- 

diagonal; three blocks connected to the initial state (QJ 
have to be considered: 



Hi(t) 



Hi = 
H 7 (t) 
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(17) 



with Hd{t) acting in the ci-dimensional subspace TLd gen- 
erated by the set of states defined in Eqs. IjlUfl and lllfl . 
The adiabatic evolution of the initial state (JIJ is com- 
pletely described by the dark states of the Hamiltonian 
Hi, labeled 4> d (t) £ TLd (with k the index of degener- 
acy of TLd)- These dark states are instantaneous eigen- 
states that don't have any components on the atomic 
excited states. They are associated to null eigenvalues. 
Although these dark states are degenerate, they evolve 
without any geometric phase. One can easily check that 
all the elements contributing to this geometric phase 0] , 

(^d ^( s )lsl^d^( s ))' are nuu during the dynamics since 
for k = k' , the phase of the lasers is constant for each 
step (as in standard STIRAP) and for k ^ k' , the dark 
states belong to orthogonal subspaces. Therefore, ac- 
cording to the adiabatic theorem, the dynamics follows 
the dark states initially connected to each component of 
the initial state Q 



|V>(*)>«T(i)£c^«(t)>, 



(18) 



d,k 



with the coefficients 

4 = {d? { d k \u)\T\umU)) 



(19) 



(14) 



We have thus to determine the instantaneous eigenstates. 
In the subspace TUj, the states \4>\ 1 * > ) = liV^l^O) and 
\(j)[ 2) ) = |1AT( 2 ))|0) are not coupled to the initial state (JTJ) 
and do not participate in the dynamics. Only the atomic 
dark state Q: 

|4 3) ) cx g^n^\L^l)\0) + g^^\lL^)\0) 

-fiWQ( 2 )|ll)|l) (20) 

(where the normalisation coefficient has been omitted) 
participates to the dynamics. The second step, associ- 
ated to Z« = a, = 0, fi« = n a 1} , flW ee fl^ leads 
to the initial and final connections symbolically written 
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as 1 10) |0> -> |4 3) ) -» |al)|0) (see Fig. 3). The third, 
fourth and fifth steps give respectively the connections 

|la)|0) - |4 3) ) - |01)|0), |al)|0) - |4 8) ) - |lo)|0), 
and |01)|0) -> |4 3) > -> 1 10) |0> . We determine four 
atomic dark states in the subspace Hie connected to the 
component |00)|0) of the initial condition Q: 



1^) oc a^iN^h 



II 



- 9 w\nWlW)\o) 



|#?) oc nW\wW)\l)-gW\LWNW)\0), 
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(5)\ 
16 / 



oc 



(21a) 
(21b) 
(21c) 

g^g^V2\L^L^)\0) - g^^V2\lL^)\l) 

-, 9 (1) r2 (2) V2|L (1) i)|i) + n {1) n (2) \n)\2). (2id) 

We remark that the state 1 00) |0) is connected initially 

and finally to the dark state \4>ie) at the n th step. 
Since the dynamics follows atomic dark states, the ex- 
cited atomic state is never populated (in the adiabatic 
limit). Moreover, the projections of the dark states on 
the excited cavity photon states can be made negligible 
if > f}« 15]. In this case, the mechanism we pro- 
pose is a decoherence-free method in the sense that the 
process is not sensitive to spontaneous emission from the 
atomic excited states nor to the lifetime of photons in the 
optical cavity. 
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IV. NUMERICAL VALIDATION 

We present the numerical validation of the mechanism 
proposed for the construction of the CNOT gate. 
We show in Fig. [3] the time evolution of four initial 
states: in (a) and (b) the population of initial states 
1 00) |0) and |01)|0) respectively stays in these states after 
the interaction with the twelve pulses since the control 
qubit is in state |0), in (c) and (d) the population of 
initial states 1 01) |0) and 1 1 1) 1 0) are exchanged. In (e), 
we show the Rabi frequencies associated to the pulses. 
The laser Rabi frequencies are all chosen of the form 

f2(t) = il max e ( Tp ^ ■ The steps (1) and (6) of the mech- 
anism can be explained by the standard STIRAP tech- 
nique 0, [n|. The other steps involve the two atoms 
and the cavity using an adiabatic transfer which is a five- 
level extended STIRAP with constant intermediate cou- 
plings 8]. The couplings have to satisfy il m axT p , gT p 1 
to fulfill the adiabatic conditions. The delay between two 
pulses of the same step is chosen equal to 1.2 T p to min- 
imize the non-adiabatic losses Moreover, the condi- 
tion g 3> f^max has to be satisfied such that the cavity 
mode is negligibly populated during the interaction with 
the pulses. 

V. DISCUSSION 

In the optical domain, one can give an estimate of the 
relevant parameters. Taking into account the losses of 



FIG. 3: (Colour online) Temporal evolution of initial condi- 
tions (a) |00)|0>, (b) |01)|0) (c) 1 10) |0> and (d) |11)|0). The 
states which are populated during the interaction with the 
pulses or between two steps are indicated, (e) Temporal 
profile of the Rabi frequencies. The parameters used are 
fimaxTp = 10, gT p = 25. The delay between two pulses in 
a step is 1.2T P . 



the cavity (characterized by the decay rate k of the cav- 
ity field) and of the excited states (of lifetime r), we have 
to satisfy the adiabatic conditions: fi m axT p , gT p 1 and 
(^maxTp) 2 , {gTp) 2 > kT p ,T p /t. The latter is satisfied 
for <7,f2 m ax 3> k, 1/t. For a typical pulse duration of 
T p = 50ns, we use f2 max = 1.2xl0 8 s _1 , which is achiev- 
able experimentally (see for instance Ref. [lg). We use 
a cavity coupling g = 5.2xl0 8 s _1 , more than four times 
larger than fi max to have a small population in the cavity 
field. Such a strong coupling has been recently achieved 
in experiments with atoms in an optical ca vity trapped 
with a duration of the order of one second \VA\m For 
a realistic decay rate (k = 1 x 10 7 s _1 ) of the cavity, the 
numerical simulation of the proposed process gives: (i) 
80% of the population of states |00)|0) and |01)|0) are left 
on these states and (ii) the exchange of the population 
between |10)|0) and |11)|0) is of the order of 90%. For a 
decay rate (k=1x 10 6 s _1 ), we would obtain that 96% 
of the population of the states 1 00) |0) and |01)|0) are pre- 
served, and 92 % of the population of 1 10) |0) and 1 1 1) |0> 
are exchanged. This analysis shows that the mechanism 
could be implemented with an observable efficiency with 
the currently available technology. Longer cavity photon 
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lifetimes and / or larger cavity couplings would give a very 
good efficiency. 

(2) 

We remark that the pulse fla is used two times suc- 
cessively in the steps (3) and (4). These two pulses can 
thus be replaced by a single pulse. The process then re- 
quires the use of only eleven pulses. 
By manipulating the phase of the pulses, the technique 
proposed in this paper can be extend to the direct prepa- 
ration of the composition of elementary gates. Indeed, if 
instead of taking a phase difference equal to n between 
the first and the second laser for the steps (1) and (6) 
and zero otherwise, we add an arbitrary relative phase 
<P(n) m step (n), the proposed mechanism leads to the 
following gate composition: 

Pfv 2 '(iptQ\) o C-phase{(fi(2) + fu)) ° CNOT o 
C-phase(<p m + (p {5) ) o Ph^{ V{1) ). (22) 

Similarly, the technique we proposed to build the SWAP 
gate in Ref. 01 leads to the composition 

Ph {1) (a) o SWAP o Ph (1 \f3) o C-phase(-a - 0) (23) 

where a, (3 are functions of the static relative phases of 
the laser pulses. 



VI. CONCLUSION 

In this paper, we have proposed a mechanism for the 
construction of a CNOT gate. This technique requires 
the use of one cavity and eleven pulses. It is robust 
against variations of amplitude and duration of the pulses 
and of the delay between the pulses. Moreover, it con- 
stitutes a decohence-free method in the sense that the 
excited atomic states with short life times are not popu- 
lated in the adiabatic limit, and the cavity mode is neg- 
ligibly populated during the process. This technique can 
be also an alternative to the composition of many ele- 
mentary gates by a direct construction of specific gates, 
which could have potential applications for the fast real- 
isation of some algorithms. 
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